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Abstract
The addition of orbital angular momentum has been previously shown to stabilise
beams of elliptic cross-section. In this article the evolution of such elliptical beams is
explored through the use of an approximate methodology based on modulation theory.
An approximate method is used as the equations that govern the optical system have no
known exact solitary wave solution. This study brings to light two distinct phases in the
evolution of a beam carrying orbital angular momentum. The two phases are determined
by the shedding of radiation in the form of mass loss and angular momentum loss. The
first phase is dominated by the shedding of angular momentum loss through spiral waves.
The second phase is dominated by diffractive radiation loss which drives the elliptical
solitary wave to a steady state. In addition to modulation theory, the “chirp” variational
method is also used to study this evolution. Due to the significant role radiation loss plays
in the evolution of an elliptical solitary wave, an attempt is made to couple radiation
loss to the chirp variational method. This attempt furthers understanding as to why
radiation loss cannot be coupled to the chirp method. The basic reason for this is
that there is no consistent manner to match the chirp trial function to the generated
radiating waves which is uniformly valid in time. Finally, full numerical solutions of the
governing equations are compared with solutions obtained using the various variational
approximations, with the best agreement achieved with modulation theory due to its
ability to include both mass and angular momentum loss to shed diffractive radiation.
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1. Introduction
The propagation of a bulk optical solitary wave in a nematic liquid crystal, a so-called
nematicon [1], has become an active area of study [2, 3] since their first experimental
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demonstration [4]. These studies are more general, however, as the equations governing
bulk optical solitary waves in a nematic liquid crystal also apply to bulk solitary waves
in thermal media [5], photorefractive crystals and other optically active bulk media [6].
A similar system of equations to that governing these bulk optical solitary waves arises
in α models of fluid turbulence [7, 8]. Nearly all of these optical studies have dealt with
circularly symmetric beams, however. Elliptical bulk optical solitary waves introduce
new mechanisms and effects not encountered with circularly symmetric beams.
The propagation of an elliptical cross-section beam in local media has been an exper-
imental [9, 10] and theoretical issue [11–13]. In local media, such beams are described
by nonlinear Schro¨dinger (NLS)-type equations [11–13]. In addition to the standard in-
stability of two dimensional solitary waves governed by nonlinear Schro¨dinger equations
[6, 14], there is an additional instability of elliptical beams due to the existence of the
different major and minor axes of such optical beams, as the amount of nonlinearity
required to support a radially symmetric solitary wave is dependent on the peak beam
intensity [10]. Hence, the peak beam intensity also determines the diffraction angle that
must balance with the self-focusing of the optical beam to self-trap [1, 2] and thus form
a solitary wave. For an optical beam to self-trap, radial symmetry is then required.
However, an elliptical beam is asymmetric and, hence, difficulties arise in the support
required for the two competing diffraction angles [10, 11]. The term elliptic solitary wave
will be used from here on to describe an elliptical cross-section solitary wave. Further,
adding to the difficulty in forming an elliptic solitary wave, it has been shown both ex-
perimentally [9, 10, 15] and theoretically [11–13] that the widths of the elliptic beam
periodically oscillate, as would be expected from the general behaviour of beams for
NLS-type equations.
Several methods have been suggested to aid in the formation and stabilisation of an
elliptic solitary wave before it diffracts into a circularly symmetric beam. Examples are to
use partially incoherent elliptic beams with an anisotropic mutual coherence function [9,
10], a medium with a nonlocal response [12, 16] or applying an orbital angular momentum
to the elliptic-shaped beam [13]. The propagation of an elliptic solitary wave in the
nonlocal medium of a nematic liquid crystal (NLC) [2] is the subject of this work.
Elliptic solitons have been shown to exist in a nematic liquid crystal [16], which
is an example of a nonlocal, nonlinear medium [2]. The key to the behaviour of an
elliptic solitary wave in a nematic liquid crystal is the self-focusing response of an NLC.
A nematic molecule tends to align itself with the direction of an electric field, whether
this is an external bias field applied across the liquid crystal cell or that of an optical
beam input into the cell [2, 17]. If the optical beam is of sufficient power to overcome
the Free´dericksz threshold [2, 17–19] the nematic molecules will rotate, thus altering the
refractive index of the NLC. If the refractive index increases, this self-focusing response
of the beam can balance diffraction, resulting in a solitary wave, or nematicon [2, 3]. In
addition, it has been shown that nematic molecules tend to align with the major axis of
an elliptic beam [16]. However, the issue of the stability of elliptic beams has not been
addressed.
In the present work, an elliptical cross-section optical beam with orbital angular
momentum propagating through a finite sized nonlocal NLC cell is studied. As stated
above, to induce the self-focusing response of the NLC, the optical beam intensity must be
above the minimum to enable the nematic molecules to rotate, the Free´dericksz threshold
[2, 17–19]. To enable the use of milliwatt beam powers a pre-tilt is induced within the
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NLC so the molecules form an angle θ0 ∼ π/4 with the optical wavefront, with the
Free´dericksz threshold reduced to exactly zero when π/4. In this manner, milliwatt
optical beam powers induce a sufficient change in the nematic’s refractive index [20] to
enable a nematicon to form. There are two main techniques for applying the desired
pre-tilt angle. The first is to apply an external static electric field perpendicular to the
optical axis in the direction of polarisation of the optical field. The second technique
creates a static charge on the cell walls by “rubbing” them, thus causing the nematic
molecules near the cell walls to rotate [2]. This tilt angle is then transferred throughout
the bulk of the NLC cell by the intermolecular elastic links [2]. Rubbing the cell walls to
pre-tilt the nematic molecules results in different decay rates of the nematic response to
the optical beam. In one transverse dimension a linear decay is experienced [21], while
in two transverse dimensions [22, 23] a logarithmic decay results. This implies that the
nematic response to the beam extends to the boundaries of the NLC cell and, as a result,
the inclusion of proper boundary conditions is vital in order to model an elliptic solitary
wave accurately.
The present work will focus on the role diffractive radiation and orbital angular
momentum shed to diffractive radiation play in the evolution of an elliptical nematicon.
While it has been found that angular momentum can stabilise an elliptical nematicon for
short evolution distances [13], typically ∼ 5–10 revolutions of the major axis, it has been
found that on longer scales, which amount to ∼ 100 rotations, that angular momentum
loss to diffractive radiation causes the elliptical solitary wave to become circular and stop
rotating. In addition to this effect of shed diffractive radiation, the effect the boundaries
have on the evolution of elliptic solitary waves will also be investigated. This analysis
will be based on using an exact solution for the director distribution and modulation
equations [24] for the optical field derived using suitable trial functions [25, 26] in a
Lagrangian representation of the governing equations. Modulation theory has proved
to be a successful technique for modelling the evolution of nonlinear optical beams in
NLC, giving excellent agreement with full numerical solutions of the governing equations
[27–33] and with experimental results [34–36]. In the present work we show how the
shed diffractive radiation can be studied using geometric optics. We obtain approximate
evolution equations for the elliptical solitary wave parameters which explain the relevant
features of the processes observed in numerical solutions.
2. Governing Equations
Consider a polarised, coherent elliptical cross-sectional optical beam input into a finite
sized NLC cell. Let us take the z direction as the propagation direction. The nematic
molecules are arranged in a planar configuration within the NLC cell. The optical beam
is polarised in the x direction, which results in molecular rotation in the (x, z) plane
[1, 2, 4, 37, 38]. The nematic molecules are pre-tilted by a angle θ0 ∼ π/4 in the (x, z)
plane [20], enabling the use of milliwatt beam powers, as the Free´dericksz threshold is
thus overcome [2, 17–19]. The pre-tilt of the nematic is achieved by rubbing the cell walls.
The intermolecular elastic forces of the NLC pass the rotation then achieved through the
bulk of the medium, thus obtaining a semi-uniform pre-tilt. The optical beam’s electric
field causes a further rotation of the director by an angle θ, so that the total director
angle is given by φ = θ0 + θ, relative to the z axis. The perturbation of the director due
to the optical beam is small for milliwatt beam powers, |θ| ≪ |θ0|. The non-dimensional
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equations governing the propagation of the optical beam in this small extra rotation limit
in the paraxial approximation are a strongly coupled pair of partial differential equations
(PDEs), the first of which is an NLS-like equation for the optical beams and the second
is Poisson’s equation for the director rotation [21, 22, 39, 40], these being
iEz +
1
2
∇2E + 2θE = 0, (1)
ν∇2θ + 2|E|2 = 0. (2)
The Laplacian ∇2 is in the (x, y) plane and E is the complex valued envelope of the
electric field. The elastic response of the NLC is given by the nonlocality parameter
ν, which is experimentally O(100) [34]. In experiments, the optical beam experiences a
phenomenon known as walk-off due to the refractive index being a tensor [24], whereby
the optical beam deviates from the input wavevector along the z direction and follows
the beam’s Poynting vector. This walk-off has been removed from the the electric field
equation (1) by using a phase transformation of the electric field [27]. The NLC cell is
finite sized and is a rectangle with dimensions 0 ≤ x ≤ Lx and 0 ≤ y ≤ Ly.
The governing equations (1) and (2) have the Lagrangian representation
L = i(E∗Ez − EE∗z )− |∇E|2 + 4θ|E|2 − ν|∇θ|2, (3)
where the ∗ superscript denotes the complex conjugate. The boundary conditions are
taken to be homogeneous for both E and θ.
In the next section two different trial functions will be used to obtain approximate
evolution equations for the elliptical solitary wave, based on the Lagrangian (3) [22,
29, 40–42]. In both cases the director equation (2) is solved using Fourier series. The
averaged Lagrangian will then provide consistent modulation equations which will be
coupled to radiation loss.
3. Trial functions and approximate evolution equations
The governing equations (1) and (2) have no known exact solitary wave solution [3]
and, as a result, alternative techniques have been developed to model and study nonlinear
optical beam propagation in nematic liquid crystals. One of the more successful of these
techniques is modulation theory, which was originally developed for the analysis of slowly
varying wavetrains [24]. This technique has been extended to equations which do not
have exact nonlinear wave solutions by using suitable trial functions to approximate
the wave form in the averaged Lagrangian [26]. As discussed in the Introduction, this
technique has been successfully applied to study nonlinear beam propagation in nematic
liquid crystals.
In previous studies, a suitable trial function for the envelope of the optical beam’s
electric field is the Gaussian profile [3, 22, 23]
E = ae−(x−ξ)
2/w2
x
−(y−η)2/w2
yeiσ, (4)
where a is the amplitude, wx is the major axis length, wy is the minor axis length of
the ellipse, (ξ, η) is the centre position within the NLC cell and σ is the phase. All
4
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Figure 1: (Colour online) Evolution of an unstable elliptic soliton with no initial tilt and no orbital
angular momentum for the nondimensional propagation distances (a) z = 0, (b) z = 5, (c) z = 10, (d)
z = 15, (e) z = 20 and (f) z = 25. The dynamics of the elliptic soliton change very rapidly over a short
propagation distance with the development of two peaks observed in (e). The initial parameter values
are a = 3, wx = 7, wy = 4, φ = 0, Θ = 0, (ξ, η) = (25, 25) and (Vx, Vy) = (0, 0), with ν = 200 and
(Lx, Ly) = (50, 50).
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the parameters are functions of z, the propagation variable. This trial function can be
justified as in the highly nonlocal limit as ν → ∞, it can be shown that the nematicon
has a Gaussian profile [43].
What differentiates this study from most previous studies of nonlinear optical beam
propagation in nematic liquid crystals is the addition of an orbital angular momen-
tum (OAM) term in the phase to allow the beam to rotate [13]. This additional phase
term was shown to stop, on short propagation scales (∼ 5 rotations), the collapse ex-
perienced by elliptic solitons in Kerr media [11, 13] and NLC, as shown in Figures 1
and 2. Figures 1 and 2 show the evolution of two identical input beams with no OAM,
where the second beam is initially tilted by an angle of π/4, as they propagate through
a finite sized NLC cell. The figures highlight the immediacy of the induced instability of
the elliptical beam in NLC without any OAM, emphasised by the length of propagation
from z = 0 to z = 25 in both cases. It was also found that the size and dimension of
the nematic cell had no influence upon the stability of the propagating elliptic soliton
without OAM and similar dynamics were observed to those shown in Figures 1 and 2.
However, the advantage of including OAM can be clearly seen from Figure 3, which de-
picts the evolution of an elliptic soliton with OAM. It can be seen that OAM gives the
elliptic soliton stability and, when compared with Figures 1 and 2, it can be seen that
the stable propagation distance is longer, in this case z ∼ 200, and the elliptic soliton
does not break up into multiple peaks, as seen in Figures 1(e) and 2(e). Beam evolution
over longer propagation distances were simulated and in all cases the beams were found
to be stable. As the evolution in these cases is similar to that shown in Figure 3, these
further examples are not shown here. In order to study the effect of angular momentum,
we introduce a rotating system of coordinates centred at the soliton as follows.
Let us denote the angle the major axis of the elliptical beam makes with the x axis
by φ. Then coordinates (X,Y ) centred on the rotating beam and along its axes are
X = (x− ξ) cosφ+ (y − η) sin φ,
Y = −(x− ξ) sinφ+ (y − η) cosφ. (5)
To obtain the approximate evolution equations we use two different variational approxi-
mations. The first one is the chirp approximation [25] and the second is the modulation
method with radiation loss [41]. We now consider both approximations in detail.
3.1. Chirp Method
The chirp trial function [25, 26] representing an elliptical nematicon with orbital
angular momentum propagating through an NLC cell is given, in the rotating coordinate
frame (5), by
Ec = ae
−(X2/w2
x
+Y 2/w2
y
)ei(ζ+ζc), (6)
where ζ = σ + Vx(x − ξ) + Vy(y − η) and ζc = BX2 + XYΘ + CY 2 [13]. Θ gives an
asymmetric phase factor related to the OAM of the beam, (Vx, Vy) is the velocity of the
centre of the beam and B and C are related to the chirping of the phase.
The solution of the director equation (2), a Poisson equation, for the director angle
perturbation can be calculated in the form of an eigenfunction expansion, with |E|2 given
6
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Figure 2: (Colour online) Evolution of an unstable elliptic soliton with an initial tilt of pi/4 and no
orbital angular momentum at the nondimensional propagation distances (a) z = 0, (b) z = 5, (c) z = 10,
(d) z = 15, (e) z = 20 and (f) z = 25. The dynamics of the elliptic soliton change very rapidly over a
short propagation distance with the development of two peaks observed in (e). The initial parameter
values are a = 3, wx = 7, wy = 4, φ = pi/4, Θ = 0, (ξ, η) = (25, 25) and (Vx, Vy) = (0, 0), with ν = 200
and (Lx, Ly) = (50, 50).
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Figure 3: (Colour online) Evolution and phase of an elliptic soliton with no initial tilt for the nondi-
mensional propagation distances (a)–(b) z = 0, (c)–(d) z = 50, (e)–(f) z = 100, (g)–(h) z = 150, (i)–(j)
z = 200 and (k)–(l) z = 250. The dynamics of the elliptic soliton are consistent and demonstrate stability
induced by the inclusion of OAM. The initial values are a = 2.5, wx = 6, wy = 3, φ = 0, Θ = 0.07593,
(ξ, η) = (25, 25) and (Vx, Vy) = (0, 0), with ν = 200 and (Lx, Ly) = (50, 50).
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by (6). This solution is
θ = −
∞∑
n,m=1
Cnm
π2Q1
sin
nπx
Lx
sin
mπy
Ly
, (7)
[22, 23]. The Fourier coefficients of this series are
Cnm = −2πa
2wxwy
νLxLy
αe−γ1 , (8)
where
γ1 =
n2π2
8ρ1L2x
, U± =
π2w2xw
2
y
8ρ1
ψ2±, ϑ± =
nπξ
Lx
± mπη
Ly
,
Q1 =
n2
L2x
+
m2
L2y
, ρ1 =
cos2 φ
w2x
+
sin2 φ
w2y
, ρ3 = cosφ sinφ
(
1
w2x
− 1
w2y
)
,
α =
(
e−U+ cosϑ− − e−U− cosϑ+
)
and ψ± =
(
ρ3n
Lx
± ρ1m
Ly
)
.
Substituting the trial function (6) for the electric field and the director solution (7) into
the Lagrangian (3) and averaging by integrating in x from 0 to Lx and in y from 0 to
Ly [24], that is, over the nematic cell, gives the averaged Lagrangian
L =
∫ Ly
0
∫ Lx
0
Ldxdy
= −πa2wxwy
[
σ′ − Vxξ′ − Vyη′ + V
2
x
2
+
V 2y
2
− w
2
xB
′
4
− w
2
yC
′
4
− (w
2
x − w2y)Θφ′
4
]
− πa
2(w2x + w
2
y)
2wxwy
[
1 +
w2xw
2
yΘ
2
4
]
− 1
2
πa2wxwy(w
2
xB
2 + w2yC
2) +
∞∑
n,m=1
νLxLyC
2
nm
4π2Q1
.
(9)
Taking variations of the averaged Lagrangian (9) with respect to the elliptic nemati-
con parameters gives the variational, modulation equations, describing the evolution of
the elliptic nematicon. These variational equations are detailed in Appendix A. The
variational equations give only oscillatory solutions, since they are Hamiltonian, and do
not evolve to a steady state. It has been well established [3, 41] that one must take
into account the damping introduced by the diffractive radiation in order to reach the
observed steady state. This interaction with the radiation has not been included in the
chirp approximation. It was successfully included using the modulation theory method
via the introduction of a shelf of diffractive radiation [41]. We thus examine the modu-
lation equations including this shelf of radiation in the next section. In Section 5 we will
show how the chirp trial function can be supplemented to account for the shed diffrac-
tive radiation. It will now be shown how the shelf approximation captures the effects of
radiation on longer evolution scales.
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3.2. Modulation Theory— Shelf of radiation
To account for diffractive radiation loss, Kath and Smyth [41] developed a new trial
function that could be matched to the diffractive radiation shed by an evolving beam. The
diffractive radiation loss itself was determined by solving the linearised equations for the
(low amplitude) shed radiation. In this manner, solutions of the variational (modulation)
equations found using this method could evolve to a steady state as z →∞, in agreement
with numerical solutions. The new trial function is
Es =
[
ae−(X
2/w2
x
+Y 2/w2
y
) + ig
]
ei(ζ+ζs), (10)
where a, wx, wy , X , Y and ζ have the same meaning as in section 3.1 for the chirp trial
function. In this case, ζs = XYΘ, with Θ related to the OAM of the optical beam.
This method differs from the chirp method as the trial function includes the extra term
g, but omits the phase modulations B and C. This extra term is called a shelf, as it
is independent of x and y. It arises as low wavenumber diffractive radiation and it has
low group velocity, and so accumulates under the elliptic nematicon [3, 41]. This shelf
term also allows matching to the diffractive radiation shed by the beam, introducing loss
terms in the modulation equations, which allows the modulation solution to evolve to a
steady state. A perturbation analysis of linearised governing equations of NLS-type has
shown the existence of the shelf [41, 44]. It is also π/2 out of phase with the solitary wave
as the in-phase component corresponds to changes in the amplitude and width of the
solitary wave [3, 41]. The shelf of radiation that forms under the solitary wave cannot
remain flat forever and must match to shed radiation. Hence, g is taken to be non-zero
in the elliptically shaped region w2yX
2 + w2xY
2 ≤ w2xw2yℓ2. The term ℓ gives the area of
the shelf of radiation relative to that of the elliptic nematicon.
The trial function (10) and the Fourier series solution for the director angle (7), which
is the same as that for the chirp trial function as |E|2 is the same, are substituted into
the Lagrangian (3), which is then averaged over the cell in the (x, y) plane, resulting in
the averaged Lagrangian
L = − 2πag′wxwy + 1
4
πa2wxwy
(
w2x − w2y
)
Θφ′ + 2πa′gwxwy + 2πagw
′
xwy + 2πagwxw
′
y
− πa
2wy
2wx
− πa
2wx
2wy
+
∞∑
n,m=1
νLxLyC
2
nm
4π2Q1
− 1
8
πa2wxwy
(
w2x + w
2
y
)
Θ2
− 4π
(
a2wxwy
4
+ g2Λ
)(
σ′ − Vxξ′ − Vyη′ + V
2
x
2
+
V 2y
2
)
. (11)
Here Λ = βwxwy, with β to be determined. The constant β is related to ℓ, which
is determined by linearising the modulation equations about their steady state. This
gives a harmonic oscillator equation whose frequency is matched to that of the steady
nematicon [29, 41]. However, for nematicons in a finite cell, this linearisation process
gives an equation which is too complicated to obtain sensible information from. In this
case, it has been found easier to determine β by matching the frequency of oscillation of
the solution of the modulation equations to that of the numerical solution for one choice
of parameter values and verifying that this choice is robust over other choices of these
parameters [22, 23]. The variational equations for the averaged Lagrangian (11), detailed
in Appendix B, describe the evolution of the elliptical nematicon.
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As discussed, the final parameter to be determined is the area of the radiation shelf,
Λ = βwxwy. Comparisons with numerical solutions show that β = 0.3 gives good
comparisons with full numerical solutions for a wide range of input beams.
The steady state for the elliptic nematicon can be found using total energy conserva-
tion for the system. No¨ther’s theorem is used to find the energy conservation equation
based on the invariance of the Lagrangian (3) with respect to shifts in z, as z is a time-like
variable. The averaged energy conservation equation is then given by
dH
dz
=
d
dz
∫ Ly
0
∫ Lx
0
[|∇E|2 − 4θ|E|2 + ν|∇θ|2] dx dy
=
d
dz
{
πa2wy
2wx
+
πa2wx
2wy
−
∞∑
n,m=1
νLxLyC
2
nm
4π2Q1
}
= 0. (12)
The cell boundaries are found to be repulsive towards the nematicon [21–23, 39, 40].
As a result of this repulsion, the elliptic nematicon has a helical trajectory, spiralling
towards the centre of the NLC cell, the final steady state position, due to momentum
being shed to diffractive radiation. At the centre of the cell all four boundaries exert
an equal amount of force on the nematicon, pinning it in place. The carat ˆ will be
used to denote steady state values of the elliptic nematicon parameters. We then have
ξˆ = Lx/2, ηˆ = Ly/2, Vˆx = 0 and Vˆy = 0. At the steady state the elliptic nematicon
will have a circular cross-section due to symmetry. Hence, it will no longer be rotating
with an orbital angular momentum and will have no discernible orientation angle due
to its radial symmetry, so that Θˆ = 0 and φˆ = 0. Also, the elliptic nematicon will have
stopped shedding radiation at its steady state, and hence the shelf height gˆ = 0. Thus,
the modulation equation (B.8) can be used to find the steady state relationship between
the amplitude aˆ and width wˆ of the steady state nematicon, as wˆ = wˆx = wˆy at the
steady state. This yields
aˆ2 =
4νLxLy
πwˆ6̟
, (13)
where
̟ =
∞∑
n,m=1
e−γˆ1 sin
(
nπξˆ
Lx
)
sin
(
mπηˆ
Ly
)
, γˆ1 =
π2wˆ2Q1
4
. (14)
The combination of the energy conservation equation (12) and the steady state relation
(13) is used to find the final steady state values for the amplitude and width of the elliptic
soliton for given initial beam parameters.
Since solutions of a Hamiltonian system, such as the modulation equations, are only
oscillatory, we need to add mass loss to diffractive radiation to obtain equations whose
solutions evolve to a steady state. The mass loss is added as in previous work [22, 23, 29]
using the mass flux calculated for the circular nematicon, but with a source which depends
on the elliptical form of the shelf. The final equations are given in Appendix B. These
equations will give the evolution to a steady state. However, there is an angular process
which must be included in the approximation. It is observed from numerical solutions,
see Figure 4, that as the ellipse rotates it sheds spiral wave radiation. In the early stages
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Figure 4: (Colour online) Profile of an elliptic nematicon rotating anti-clockwise with diffractive radiation
shed along its major axis.
of the motion this loss is not important. However, as z increases the cumulative effect
of this radiation decreases the angular velocity Ω. In the next section we shall calculate
the effect of this spiral wave radiation.
3.3. Inclusion of angular momentum loss
As the elliptic nematicon evolves, it reshapes by shedding mass [45], that is optical
power, to become circular over large z distances. This reshaping is a consequence of the
symmetry of the medium [10, 11]. In addition, the reshaping is driven by loss of angular
momentum to shed diffractive radiation. By overall conservation of angular momentum,
as the elliptic nematicon loses angular momentum, its angular velocity slows. The net
result is that the elliptic nematicon becomes circular, so that wy → wx as z →∞.
It is clear that it is necessary to determine the angular momentum shed by the
nematicon to diffractive radiation as it evolves. Due to the spinning of the beam, these
shed waves have a spiral pattern. As the spiral waves [46] have small amplitude relative to
the beam, it can be seen from the electric field equation (1) that they satisfy Schro¨dinger’s
equation
iEz +
1
2
∇2E = 0. (15)
The boundary condition for these spiral waves at the elliptic nematicon is a signalling
boundary condition as the elliptic beam shelf sheds the spiral waves. To determine this
boundary condition, recall that the trial function for the elliptic nematicon is (10), which
is in the rotating frame of reference, with coordinates and angular velocity given by (B.6).
As the radiation matches to the edge of the shelf, matching to the shelf term in the trial
function (10) yields
E = igei(σ+ΘXY ) (16)
at the edge of the shelf w2yX
2 + w2xY
2 ≤ w2xw2yℓ2. For ease in notation and calculation,
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the rotating coordinates X and Y can be written in matrix form(
X
Y
)
= A(φ)
(
x
y
)
, (17)
where the rotation matrix is
A(φ) =
(
cosφ sinφ
− sinφ cosφ
)
. (18)
The coordinate transform (17) can be inverted to give
x =
(
x
y
)
= A−1(φ)
(
pwx cosµ
pwy sinµ
)
. (19)
The level lines of the shelf trial function (10) are ellipses parametrised in the form
X(µ) = pwx cosµ and Y (µ) = pwy sinµ, (20)
where 0 ≤ µ ≤ 2π and p is to be chosen later. The real function g has an amplitude
given by g¯ and frequency σ(z). Thus the product in (16) has two terms. The first one
with a 2σ(z) in the phase and the second with only the µ dependent term. The term
containing the 2σ(z) in (16) contributes to a symmetric wave since the angular term is
smaller. Hence, it is the second term that contributes to the spiral waves. It takes the
form
E = i
g¯
2
exp[iΘ(z)p2wxwy cosµ sinµ] (21)
on applying the signalling boundary condition on the curve (19).
The radiation equation (15) will be solved using a geometric optics solution [24] with
E = ueiS(x,y,z), (22)
to leading order. Substituting this solution form into the radiation equation (15) yields
the eikonal equation
Sz +
1
2
|∇S|2 = 0. (23)
Applying the boundary condition (21), we have that
S(x, y, z) = Θ(z)p2wxwy cosµ sinµ (24)
and u = g¯/2 on the moving boundary given by equation (19).
To find the angular momentum radiated by the elliptic nematicon, we need to deter-
mine the derivative of S normal to the boundary curve at the elliptic shelf. To obtain
this derivative, the eikonal equation (23) is rewritten using the tangential coordinate µ
and the normal coordinate λ of the elliptical boundary (19) in the form(
x
y
)
= X = +λn(z, µ), (25)
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where
X =
(
X(µ)
Y (µ)
)
, (26)
n =
X⊥µ
|Xµ| =
1
|Xµ|
( −yµ
xµ
)
. (27)
Here, Xµ and Yµ are given by( −Yµ
Xµ
)
= A−1(φ)
( −pwx cosµ
pwy sinµ
)
. (28)
The norm of X⊥µ is equal to the norm of Xµ and is
|Xµ| = p
√
w2x sin
2 µ+ w2y cos
2 µ . (29)
In these coordinates, the eikonal equation (23) becomes
Sz +
1
2
{(
Sµ
|Xµ|
)2
+ S2λ
}
= 0, (30)
where Sµ and Sλ are the derivatives of S with respect to µ and λ respectively. To obtain
the flux at the boundary it is not necessary to find the full solution of (30). We only
require the value of Sλ at the boundary of the ellipse λ = 0. Since the boundary is
moving, we obtain
Sz +∇S ·Xz = 1
2
Θzp
2wxwy sin (2µ) + σz. (31)
In this calculation, the derivatives on the slowly varying axes wx and wy have been
neglected. This relates the z derivative Sz to the boundary condition and the spatial
derivative. To obtain the desired expression, we note that
∇S ·Xz = Sµ|Xµ|2
(Xµ ·Xz) + Sλ|Xµ|
(
X⊥µ ·Xz
)
=φzp
2
[
wxwySµ
|Xµ|2
+
(w2x + w
2
y) sin (2µ)Sλ
2 |Xµ|
]
. (32)
Then from equation (31) we obtain
Sz =
1
2
Θzp
2wxwy sin (2µ) + σz − φzp2
[
wxwySµ
|Xµ|2
+
(w2x + w
2
y) sin (2µ)Sλ
2 [Xµ|
]
. (33)
Substitution of this expression into the eikonal equation (30) gives
1
2
Θzp
2wxwy sin (2µ) + σz +
1
2
[(
Sµ
|Xµ|
)2
+ S2λ
]
− φzp2
[
wxwySµ
|Xµ|2
+
(w2x + w
2
y) sin (2µ)Sλ
2 |Xµ|
]
= 0 (34)
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as the equation for Sλ on the boundary.
Now φz can be replaced using the modulation equation (B.6) and Sµ is given by the
derivative of the boundary condition (24) with respect to µ, to yield
Sµ = Θp
2wxwy cos (2µ) , (35)
as σ is a function of z only.
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Figure 5: (Colour online) Input (a) elliptic soliton |E| and (b) the corresponding NLC distribution θ.
The NLC distribution is smoothed due to the nonlocality of the medium, resulting in a circular cross-
section as opposed to mimicking the cross-section of the elliptic soliton. The initial parameter values are
a = 2.5, wx = 6, wy = 3, φ = 0, Θ = 0.07593, (ξ, η) = (25, 25) and (Vx, Vy) = (0, 0), with ν = 200 and
(Lx, Ly) = (50, 50).
Furthermore, numerical simulations indicate that the radiation shed by the elliptic
nematicon occurs mainly long the major axis, as shown in Figure 4. Thus, the angle
at which radiation is shed is small, leading to the approximations cos (2µ) ≈ 1 and
sin (2µ) ≈ 0. Now, equation (34) can be re-expressed as a quadratic equation for the
derivative normal to the boundary curve, Sλ in the form
−Θ
2p4w2xw
2
y(w
2
x + w
2
y)
(w2x − w2y) |Xµ|2
+
Θ2p4w2xw
2
y
2 |Xµ|2
+
S2λ
2
= 0. (36)
Solving equation (36) results in the derivative of the normal to the boundary curve as
Sλ =
Θpwx
√
w2x + 3w
2
y
(w2x − w2y)1/2
. (37)
This equation will be shown to determine the flux of radiation.
To determine the angular momentum radiation damping we consider the angular
momentum balance in the form
d
dz
∫∫
Ω
(X×∇E) ·E∗dx dy = 2Re
∫
C
(∇E · n) (∇E∗ ×X) dl. (38)
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Using for the contour C the shelf boundary, we obtain for the flux
F = 2Re
∫ 2pi
0
(∇E · n) (∇E∗ ×X) |Xµ| dµ. (39)
Using the geometric optics solution for E given by equation (22), the angular momentum
flux can be rewritten in terms of the tangential and normal coordinates as
F =2Re
∫ 2pi
0
(iueiSSλ)
[
−iue−iS
(
Sµ
|Xµ|2
(Xµ ×X) + Sλ|Xµ|
(
X⊥µ ×X
))]
dµ
=2Re
∂
∂z
∫ 2pi
0
[
u2Sλ
(
Sµ
|Xµ|2
(Xµ ×X) + Sλ|Xµ|
(
X⊥µ ×X
))]
dµ. (40)
Here
Xµ ×X = −p2wxwy
(
sinµ
cosµ
)
∼ −p2wxwy, (41)
X⊥µ ×X = −
1
2
p2
(
w2x sin(2µ)
w2y sin(2µ)
)
∼ 0, (42)
using the small angle approximation for µ. The norm under the small angle approxima-
tion for µ is given by |Xµ|2 = p2(w2x sin2 µ+w2y cos2 µ) ∼ p2w2y . This final contribution to
the angular momentum flux, using the same small angle approximation for µ as before,
results in the angular momentum flux to radiation
F = − 2Re
∫ 2pi
0
u2p2wxwySλSµ
|Xµ| dµ
= − 2Re
∫ 2pi
0
u2Θ2p4w3xwy
√
w2x + 3w
2
y
(w2x − w2y)1/2
dµ. (43)
A more robust choice for the average amplitude g¯/2 of the shelf is to estimate the shelf
height by the mass difference between the revolving nematicon and the final state. We
thus take u ∼ Γκ
√
Λˆ, with κ given by (B.15). Γ = 0.3 was found to be a robust choice
to give good comparisons with full numerical solutions. The parametrisation variable p
was set to equal one. This assumes, in agreement with numerical results, that the shelf
is attached to the nematicon.
The calculated angular momentum flux loss must now be added to the modulation
equation related to the angular momentum of the elliptic soliton, equation (B.7). Doing
this yields
d
dz
[
a2wxwy
(
w2x − w2y
)
Θ
]
= −u
2Θ2p4w3xwy
√
w2x + 3wy
(w2x − w2y)1/2
+
∞∑
n,m=1
2πa4w2xw
2
yαe
−γ1
νLxLyQ1ρ1
[
n cos (2φ)
(
w2x − w2y
)
G
Lx
− αMρ3
ρ1
]
. (44)
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The modulation equations (B.1) to (B.6), (B.8), (B.9), plus equation (44), as well as
the algebraic equation (B.10) form a system of first-order ODEs for the evolution of the
elliptic nematicon which include both mass and angular momentum losses to dispersive
radiation. We remark that the matching of the spiral wave is achieved using the shelf trial
function (10). We thus expect that an appropriate understanding of the shelf behaviour
during rotation is needed to obtain a good approximation to the elliptic beam evolution.
We will show later that the behaviour of the shelf determines an evolution on two different
time scales and that the inclusion of angular momentum loss is vital to obtain good
comparisons of solutions of the modulation equations with full numerical solutions.
4. Shelf solution— Results
In this section, we shall compare full numerical solutions of the nematicon equations
(1) and (2) which govern the propagation of an elliptic nematicon through a finite sized
NLC cell with solutions of the modulation equations of Section 3. These approximate
equations were derived using modulation theory including radiation loss (shelf method)
and, finally, including both radiation and angular momentum loss, the details of which
can be found in sections 3.2 and 3.3, respectively.
The variational equations listed in Appendix A and Appendix B were solved using the
standard fourth order Runge–Kutta method. The full numerical solution of the electric
field equation (1) was found using second order centred differences for the Laplacian
∇2E and a second order predictor-corrector method, based on the second order Runge-
Kutta method, to advance forward in z, the propagation direction. The director equation
(2) was solved using centred second order differences for the Laplacian ∇2θ and Jacobi
iteration to solve the resulting linear system. The initial condition for the envelope of the
electric field in the numerical simulations was the trial function equation (10), at z = 0
and g = 0. Hence, the initial condition for the optical beam is
E = ae−(X
2/w2
x
+Y 2/w2
y
)ei(ζ+ΘXY ). (45)
To maintain the accuracy and stability of the full numerical scheme, the step sizes used
were ∆x = ∆y = 0.2 and ∆z = 0.001. The propagation length was taken to be z = 500,
a typical non-dimensional cell length [34]. The numerical investigation was conducted
using several different cell sizes with various non-dimensional widths, 50 ≤ Lx ≤ 100 and
50 ≤ Ly ≤ 100.
Let us first consider a propagating elliptical nematicon initially positioned in the cen-
tre of a square NLC cell, with a non-dimensional width and breadth of (Lx, Ly) = (50, 50).
This initial elliptical beam is illustrated in Figure 5(a), with the corresponding director
distribution shown in Figure 5(b). The nonlocal response of the director to the elliptical
optical beam has smoothed the director distribution, resulting in it having a circular
cross section, rather than following the elliptical beam cross section. The response of
the director to the elliptical beam allows the formation of an elliptical nematicon by bal-
ancing the diffractive spreading of the optical beam with the induced self-focusing due
to the nonlinear dependence of the refractive index of the NLC on the beam intensity
[1, 38].
The corresponding evolution plots for the stationary elliptic soliton with OAM are
shown in Figure 3, where it can be seen that the elliptic soliton stably propagates within
17
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Figure 6: (Colour online) Amplitude a as given by the full numerical solution (red solid line) and (a)
chirp method solution (green dashed line), (b) modulation theory solution including radiation mass
loss (green dashed line), and (c) modulation theory solution including radiation mass loss and angular
momentum loss (green dashed line). The initial values are a = 2.5, wx = 6, wy = 3, φ = 0, Θ = 0.07593,
(ξ, η) = (25, 25) and (Vx, Vy) = (0, 0), with ν = 200 and (Lx, Ly) = (50, 50).
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Figure 7: (Colour online) Amplitude a as given by the full numerical solution (red solid line) and (a)
chirp method solution (green dashed line), (b) modulation theory solution including radiation mass loss
(green dashed line), (c) modulation theory solution including radiation mass loss and angular momentum
loss (green dashed line) and the full numerical solution (red solid line) and (d) chirp method solution
(green dashed line), (e) modulation theory solution including radiation mass loss (green dashed line),
(f) and modulation theory solution including radiation mass loss and angular momentum loss (green
dashed line) for a reduced z length. The initial values are a = 3, wx = 7, wy = 4, φ = 0, Θ = 0.06194,
(ξ, η) = (25, 25), and (Vx, Vy) = (0, 0), with ν = 200 and (Lx, Ly) = (50, 50).
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the NLC cell. The rotation caused by the addition of OAM can be seen in the phase
plots. Figure 3(e) suggests a possibility of instability. However, this is not the case
as there is only one peak and the shelf of radiation that is evolving under the elliptic
soliton [41] is reshaping to shed radiation via angular momentum loss (see Section 3.3).
We are interested in comparisons of the modulation theory solutions with the full
numerical results and solutions of the chirp equations of Appendix A to determine the
relative accuracy and applicability of the various approximate methods. An amplitude
comparison is shown in Figure 6 for a typical input beam. Due to the optical beam’s
initial position in the centre of the cell, the position of the elliptical nematicon does not
change during propagation. Hence, there is no non-trivial position information to com-
pare. From Figure 6 we can see that both the chirp solution and the modulation theory
solution including radiation mass loss give amplitudes which oscillate around a different
mean to that of the full numerical solution. However, the modulation theory solution
including radiation mass loss has the same oscillation period as that of the full numerical
solution and has a similar envelope decay rate to that of the numerical solution. Includ-
ing both radiation mass loss and angular momentum loss to the modulation equations
results in the modulation solution oscillating about the same mean (final state) as the
full numerical solution. This shows the key role which angular momentum loss plays in
the evolution of the elliptical nematicon. Furthermore, the modulation theory solution
including radiation mass loss displays signs of beating, which is no longer present when
angular momentum loss is added to the equations. Lastly, it can be seen that the chirp
method does not provide an adequate approximation as loss, both mass and angular
momentum, is not incorporated using this method. We will consider later the coupling
of radiation to the chirp solution.
Figure 7(a) shows an amplitude comparison for the chirp method for a different input
beam positioned in the centre of the NLC cell. It can be seen that the chirp solution does
not have the same period as that of full numerical solution, but that both modulation
solutions, shown in Figures 7(b) and (c), do. In Figures 7(d)–(f) the initial stages of
the full evolution of the solutions are shown, 0 ≤ z ≤ 150, so that the details of the
comparisons between the different variational solutions and the numerical solution can
be clearly seen. The chirp solution’s oscillation is not in agreement with that of the
full numerical solution, although the amplitude evolution is within the correct envelope.
Radiation mass loss added to the modulation theory equations causes the amplitude
oscillation to pick up an extra frequency, resulting in beating, as was seen in Figure
6(b) and Figure 7(b). However, the period of the amplitude oscillation is in excellent
agreement with that of the full numerical solution. This shows that the choice in Section
3.2 of the parameter β, which is related to the area of the shelf of low wavenumber
radiation under the nematicon, is robust. When angular momentum loss is included
in the modulation equations, the beating is lost, as for the solution shown in Figure 6,
with the oscillation period still being in excellent agreement with that of the numerical
solution. There is now good overall agreement with the full numerical solution. It should
be noted that the numerical solution shows evidence of a second period due, most likely,
to the independent oscillations of the two axes of the ellipse.
Figure 8 shows a comparison between the full numerical solution of the nematicon
equations, the solution of the chirp equations and the solution of the modulation equa-
tions which include the solution with and without angular momentum loss, for a case in
which the beam is off centre, so that it propagates around the cell as it evolves. As in
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Figure 8: (Colour online) Comparison between the full numerical solution (red solid line) and (a) chirp
method solution (green dashed line), (b) modulation theory solution including radiation mass loss (green
dashed line) and (c) modulation theory solution including radiation mass loss and angular momentum
loss (green dashed line) for amplitude a. A comparison between the full numerical solution (red solid
line) and chirp method solution (green dashed line), modulation theory solution including radiation mass
loss (blue short dashed line), modulation theory solution including radiation mass loss and momentum
loss (magenta dotted line) for (d) x position (e) y position and (f) (x, y) position for a square cell. The
initial values are a = 2.5, wx = 6, wy = 3, φ = 0, Θ = 0.06194, (ξ, η) = (30, 25), and (Vx, Vy) = (0, 0),
with ν = 200 and (Lx, Ly) = (100, 100).
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Figure 9: (Colour online) The full numerical solution for elliptic beams depicting the cross section of
the ellipse at x = 25 (solid red line) and y = 25 (green dashed line). The profile (a) shows an elliptic
beam with a large initial ellipticity. The solution is not near the steady state, as shown by the amount of
radiation. The shed radiation humps in both directions are non-symmetric. Profile (b) is for an elliptic
beam with a small initial ellipticity (almost circular). The beam is radiating less and the shed radiation
humps are symmetric. The initial values of the width are (a) wx = 6, wy = 3 and (b) wx = 4, wy = 3.
The remaining initial values are a = 2.5, φ = 0, Θ = 0.06194, (ξ, η) = (30, 25) and (Vx, Vy) = (0, 0),
with ν = 200 and (Lx, Ly) = (100, 100).
previous studies [22, 23, 39, 40], the walls of the cell repel the nematicon. The amplitude
comparison is similar to that of Figures 6 and 7, for which the nematicon was stationary
in the centre of the cell. It can be seen that the inclusion of angular momentum loss
to radiation is vital in order to obtain agreement with the numerical solution, with this
loss driving the evolution of the nematicon. Figure 8(c) shows a larger decrease in the
amplitude in comparison with the full numerical solution. The reason for this difference
is that the mass loss calculation is an approximation to the actual mass loss and in this
case, and that shown in Figure 7(c), gives a mass loss which is too large. Figures 8(d)–(f)
show excellent comparisons for the elliptic nematicon’s trajectory, with little difference
between the various variational solutions. This is because the amplitude and width evo-
lution decouple from the position and velocity oscillations of nonlinear beams in NLC,
as found in previous work [27, 33, 47, 48]. Figure 8(f) shows the helical trajectory of the
beam down the z direction, which is into the page, in agreement with the trajectories
found for nematicons and optical vortices in previous studies [22, 23, 39, 40]. This is
again due to the repulsive effect of the walls on the nematicon [22, 23, 39, 40].
5. Chirp radiation coupling
In order to couple the angular momentum loss to the chirp equations we need to
provide a matching condition for the spiral waves. In the shelf approximation this was
provided by the shelf height g which was determined by the mass difference between the
evolving elliptic nematicon and the steady circular nematicon.
To determine a matching between the chirp solution and the radiation we use the
argument of Kath and Smyth [41]. We expand the chirp trial function in the form,
assuming that B and C are small,
Ec = ae
−X2/w2
x
−Y 2/w2
yei(ΘXY+σ)
{
1 + iBX2 + iCY 2
}
. (46)
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We can now interpret the term(
iBX2e−X
2/w2
x
−Y 2/w2
y + iCY 2e−X
2/w2
x
−Y 2/w2
y
)
eiσ, (47)
as the sum of two shelves, one along X with amplitude B and the other along Y with
amplitude C. They have a similar behaviour to that discussed in the 1 dimensional
case [44] and must be related to a Jordan block of the linearisation around the nematicon
solution. From the nematicon solution we observe that the radiation does have a hump-
like behaviour, such as the one of equation (47), see Figure 9. Figure 9(a) shows that the
radiation forms humps on either side of the evolving elliptic nematicon. These humps
are non-symmetric and indicate that the beam is shedding large amounts of diffractive
radiation and angular momentum as compared with the case shown in Figure 9(b).
Figure 9(b) depicts an elliptic beam with a more uniform circular cross-section. In this
case the radiation humps hug the beam and are symmetric. This evolution indicates
that in the initial stages the chirp solution captures the shelf structure and provides an
appropriate boundary condition for the radiation. As the elliptical shape is lost, however,
it no longer provides the mass loss of the shelf in the form of circular radiation. We will
show that the shelf approximation gives better agreement with numerical solutions than
the chirp method when supplemented by angular momentum loss.
To complete the trial function we just leave the widths wx and wy to be replaced by
two new parameters in the shelf, which we take to be λx and λy. In order to match with
the radiation we assume that the radiation is generated at the humps. Then the integral
in (40) is approximated by taking the average value at the maxima to give
Fc = −2Re
∫ 2pi
0
u2cΘ
2w3xwy
√
w2x + 3w
2
y
2e(w2x − w2y)1/2
dµ (48)
for the flux, where uc ∼ λxλyκc. κc is given by (50) and λxλy = 0.05, which was found
to be a consistent match with full numerical solutions.
The decay of mass in the chirp approximation is then given by
δc =− (2π)
3
2 (λxλy)
4κ2c
16e3
∫ z
0
κc(z
′) ln[(z − z′)/Λ˜2c ]
dz′
(z − z′)×

({
1
2
ln[(z − z′)/Λ˜2c ]
}2
3π2
4
)2
+ π2
{
ln[(z − z′)/Λ˜2c ]
}2
−1
, (49)
where
κ2c = a(w
2
xB + w
2
yC) (50)
Λ˜c =
wx + wy
2
(51)
It is to be noted that the free parameter λxλy now plays the role of β. It is a measure
of the distance between the shelf and the core of the elliptic nematicon. The mass loss
can now be added in a similar manner as for the modulation equations to obtain instead
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Figure 10: (Colour online) Comparison between the full numerical solution (red solid line) and chirp
solution (green dashed line), the chirp solution including mass loss only (blue dot-dashed line), the chirp
solution including angular momentum loss only (magenta dotted-line) and the chirp solution including
both mass and angular momentum loss (light blue dot-long dashed line) for (a) the amplitude a and (b)
for the amplitude a for the reduced propagation length z. The initial values are a = 2.5, wx = 6, wy = 3,
φ = 0, Θ = 0.07593, (ξ, η) = (25, 25) and (Vx, Vy) = (0, 0), with ν = 200 and (Lx, Ly) = (50, 50).
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Figure 11: (Colour online) Comparison between the full numerical solution (red solid line) and chirp
solution (green dashed line), the chirp solution including mass loss only (blue dot-dashed line), the chirp
solution including angular momentum loss only (magenta dotted-line) and the chirp solution including
both mass and angular momentum loss (light blue dot-long dashed line) for (a) the amplitude a and (b)
for the amplitude a for the a reduced propagation length z.. The initial values are a = 3, wx = 7, wy = 4,
φ = 0, Θ = 0.06194, (ξ, η) = (50, 50) and (Vx, Vy) = (0, 0), with ν = 200 and (Lx, Ly) = (100, 100).
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of the mass equation (A.1) the new equation
d
dz
[
a2wxwy
]
= −2δcΛ˜cκ2c , (52)
The equation governing angular momentum loss (A.8) becomes
d
dz
[
a2wxwy(w
2
x − w2y)Θ
]
=
∞∑
n,m=1
2πa4w2xw
2
yαe
−2γ1
νLxLyρ1Q1
[
χ− αMρ3
ρ1
]
−
u2cΘ
2w3xwy
√
w2x + 3w
2
y
2e(w2x − w2y
. (53)
These equations, along with equations (A.2) to (A.7) and (A.9) to (A.13), form the
complete set of approximate equations governing the evolution of an elliptic nematicon
under the chirp method and include mass and angular momentum losses. It is to be
noted that due to the nature of the trial function, the variational equations become
linearly dependent as Ω → 0, since wy → wx. For this reason we do not expect good
agreement for the improved equations as the elliptic nematicon becomes circular. This
lack of agreement is related to the fact that the shelf loses its hump-like structure as
it becomes circular, as shown in Figure 9. In this case the radiation hugs the core and
becomes more symmetric.
Figures 10 and 11 show a comparison between the modified chirp solution and the
full numerical solution. The figures show that the modified chirp solution compares well
with the numerical solution, provided the nematicon is elliptic. However, as expected,
the comparison deteriorates as the nematicon becomes circular around z = 200. This is
due to the change of the radiation shelf, which is not captured by our approximation. It
must also be noted that omitting the mass loss from the chirp equations does not affect
the solution. We conclude that the evolution of the nematicon from elliptic to circular
is dominated by angular momentum loss. The shelf modulation solution shows a much
better comparison in the almost circular phase. This is caused by the mass loss which,
by construction, drives the nematicon to the steady state. In the chirp solution with
radiation this is not present. We thus conclude that the second phase of the evolution is
dominated by mass loss. These observations also show that for the angular momentum
radiation, a detailed knowledge of the driving amplitude is not needed to calculate the
angular momentum loss.
6. Conclusions
The evolution of elliptical nematicons with OAM in finite sized NLC cells has been
studied for large propagation distances, corresponding to a large number of rotations of
the beam. The dominating effect of angular momentum loss to the diffractive radiation
shed by the elliptic nematicon as it evolves as been demonstrated, an effect which was
not considered in previous work on elliptical solitary waves, as this previous work studied
the beam evolution for small propagation distances and number of revolutions [13, 49].
We have shown that during the first part of the evolution the radiation of spiral waves
stops the spinning, making the nematicon more circular. After this, mass loss becomes
important and drives the nematicon to the final steady circular, non-spinning state.
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As there are no known solitary wave solutions of the equations governing nonlinear
beam propagation in a nematic liquid crystal, a semi-analytical approach based on an
exact solution, derived using Fourier series, of the elliptic equation governing the director
distribution and a variational solution of the beam equation, based on trial functions, for
the beam profile was used. The approximate solution with a shelf trial function suitably
modified to account for the ellipticity of the beam provides a very good approximation,
provided the angular momentum shed to spiral waves is taken into account as radiation
damping. It is to be remarked that the geometric optics approximation provides a very
good approximation for the outgoing flux since it accurately captures the streaming of
waves produced as the beam rotates.
We also show how angular momentum damping can be added to the chirp solution
to obtain a good comparison when the beam is elliptic. As the beam becomes more
circular, however, this approximation breaks down since the shape of the radiation shelf
is no longer close to the assumed dependence in the modified chirp trial function.
Finally, we identified two stages in the evolution. The early one, which is dominated
by angular momentum loss, and the final stage, which is dominated by mass loss. We
found that the shelf solution with angular momentum loss gives a uniform approximation
(in z), since the angular momentum shedding is not very sensitive to the shape of the
radiation around the core of the nematicon. It also correctly captures the mass loss during
the latter stages of the motion. It is to be remarked that the variational approximations
coupled with approximate radiation damping are capable of displaying in quantitative
detail the mechanisms involved in this nonlinear, nonlocal process. Finally, since the
equations for the trajectory of the beam are dominated by the repulsion of the walls
and are only weakly coupled to the elliptic soliton parameters, both the chirp and shelf
methods give very good comparisons with numerical solutions.
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Appendix A. Variational Equations: Chirp
The variational equations derived by taking variations of the averaged Lagrangian (9)
for the parameters of the chirped trial function (6) are
d
dz
[
a2wxwy
]
= 0, (A.1)
dξ
dz
= Vx,
dη
dz
= Vy , (A.2)
d
dz
[
a2wxwyVx
]
= −
∞∑
n,m=1
2na4w2xw
2
y
νL2xLyQ1
αΦe−2γ1 , (A.3)
d
dz
[
a2wxwyVy
]
=
∞∑
n,m=1
2ma4w2xw
2
y
νLxL2yQ1
αΦe−2γ1 , (A.4)
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ddz
[
a2w3xwy
]
= 4a2w3xwyB, (A.5)
d
dz
[
a2wxw
3
y
]
= 4a2wxw
3
yC, (A.6)
dφ
dz
=
(w2x + w
2
y)Θ
(w2x − w2y)
, (A.7)
d
dz
[
a2wxwy(w
2
x − w2y)Θ
]
=
∞∑
n,m=1
2πa4w2xw
2
yαe
−2γ1
νLxLyρ1Q1
[
χ− αMρ3
ρ1
]
(A.8)
σ′ +
1
4
[
w2xB
′ + w2yC
′ − (w2x − w2y)Θφ′
]
=
1
2
(
V 2x + V
2
y
)− 1
2
(
w2xB
2 + w2yC
2
)
− (w
2
x + w
2
y)
2w2xw
2
y
(
1 +
w2xw
2
yΘ
2
4
)
+
∞∑
n,m=1
2a2wxwyα
2e−2γ1
πνLxLyQ1
, (A.9)
σ′ +
1
4
(
3w2xB
′ + w2yC
′ − (3w2x + w2y)Θφ′
)
= (A.10)
1
2
(
V 2x + V
2
y
)− 1
2
(
3w2xB
2 + w2yC
2 − 1
w2x
+
1
w2y
+
(3w2x + w
2
y)Θ
2
4
)
+
∞∑
n,m=1
a2wxwyαe
−2γ1
2πνLxLyQ1
[
α
(
4− π
2 cos2 φM
w2xρ
2
1
)
− π
2w2y
ρ1
(
w2xG2 −
n sin(2φ)G
Lx
)]
,
(A.11)
σ′ +
1
4
(
w2xB
′ + 3w2yC
′ − (w2x − 3w2y)Θφ′
)
= (A.12)
1
2
(
V 2x + V
2
y
)− 1
2
(
w2xB
2 + 3w2yC
2 +
1
w2x
− 1
w2y
+
(w2x + 3w
2
y)Θ
2
4
)
+
∞∑
n,m=1
a2wxwyαe
−2γ1
2πνLxLyQ1
[
α
(
4− π
2 sin2 φM
w2yρ
2
1
)
− π
2w2x
ρ1
(
w2yG2 +
n sin(2φ)G
Lx
)]
.
(A.13)
for the elliptical beam evolution. Here
Φ = e−U+ sinϑ− − e−U− sinϑ+, (A.14)
M =
n2
L2x
+ w2xw
2
yψ+ψ−, (A.15)
χ =
n cos(2φ)(w2x − w2y)G
Lx
, (A.16)
G = ψ+e
−U+ cosϑ− − ψ−e−U− cosϑ+, (A.17)
G2 = ψ
2
+e
−U+ cosϑ− − ψ2−e−U− cosϑ+. (A.18)
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Appendix B. Variational Equations: Modulation Theory
The modulation equations for the shelf method, including the loss to shed radiation,
are
d
dz
[
a2wxwy
4
+ g2Λ
]
= −2δΛκ2, (B.1)
a′wxwy + aw
′
xwy + awxw
′
y − 2gΛσ′ = −gΛ
(
V 2x + V
2
y
)
, (B.2)
ξ′ = Vx, η
′ = Vy, (B.3)
d
dz
[(
a2wxwy
4
+ g2Λ
)
Vx
]
= −
∞∑
n,m=1
na4w2xw
2
yαΦe
−γ1
2νL2xLyQ1
, (B.4)
d
dz
[(
a2wxwy
4
+ g2Λ
)
Vy
]
=
∞∑
n,m=1
ma4w2xw
2
yαΦe
−γ1
2νLxL2yQ1
, (B.5)
φ′ =
(
w2x + w
2
y
)
(
w2x − w2y
)Θ, (B.6)
d
dz
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=
∞∑
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2
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16
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−
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dσ
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− 1
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+
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a2wxwyαe
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π2n sin (2φ)
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G
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. (B.9)
The algebraic equation for Θ is given by
Θ2 =
(
w2x − w2y
)
D
[
−
∞∑
n,m=1
2πa2wxwyαe
−γ1 (W − F )
νLxLyQ1ρ1
]
− 4
w2x
+
4
w2y
, (B.10)
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where
D = w4x + 6w
2
xw
2
y + w
4
y, (B.11)
F =
αM
ρ1
(
cos2 φ
w2x
− sin
2 φ
w2y
)
, (B.12)
W =
n sin (2φ)
(
w2x + w
2
y
)
G
Lx
. (B.13)
The loss coefficient δ is
δ = −
√
2π
32eκΛ˜
∫ z
0
πκ(z′) ln[(z − z′)/Λ˜] dz
′
(z − z′)×

({
1
2
ln[(z − z′)/Λ˜]
}2
+
3π2
4
)2
+ π2
{
ln[(z − z′)/Λ˜]
}2
−1
, (B.14)
where
κ2 =
1
Λ˜
[
1
4
a2wxwy − 1
4
aˆ2wˆ2 + Λ˜g2
]
. (B.15)
The nonlocality of the NLC shifts the point at which the solitary wave sheds diffractive
radiation from the edge of the shelf
√
w2yX
2 + w2xY
2 = wxwy to a new radius ℓ˜ from the
solitary wave position (ξ, η), which is the edge of the director response [29]. This radius
for the radiation response was termed the outer shelf radius [29]. In the present case of
a finite cell, the director response extends to the cell walls. Hence,
Λ˜ = ℓ˜2/2 (B.16)
where
ℓ˜ = min
(
Lx
2
,
Ly
2
)
. (B.17)
In the case of a finite cell, the diffractive radiation is then shed in a boundary layer at
the cell walls.
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